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RIEMANNIAN NILMANIFOLDS AND THE TRACE FORMULA

RUTH GORNET

ABSTRACT. This paper examines the clean intersection hypothesis required for
the expression of the wave invariants, computed from the asymptotic expansion
of the classical wave trace by Duistermaat and Guillemin. The main result of
this paper is the calculation of a necessary and sufficient condition for an
arbitrary Riemannian two-step nilmanifold to satisfy the clean intersection
hypothesis. This condition is stated in terms of metric Lie algebra data. We
use the calculation to show that generic two-step nilmanifolds satisfy the clean
intersection hypothesis. In contrast, we also show that the family of two-step
nilmanifolds that fail the clean intersection hypothesis are dense in the family
of two-step nilmanifolds. Finally, we give examples of nilmanifolds that fail
the clean intersection hypothesis.

INTRODUCTION

The spectrum of a closed Riemannian manifold (M, g), denoted spec(M, g), is the
collection of eigenvalues of the Laplace—Beltrami operator A acting on smooth func-
tions. Two manifolds (M, g) and (M, ¢’) are isospectral if spec(M, g) =spec(M’, ¢').
The length spectrum of (M, g), denoted by spec;;(M, g), is the collection of lengths
of smoothly closed geodesics of (M, g), counted with multiplicity. The multiplicity
of a length is defined as the number of free homotopy classes of loops containing a
closed geodesic of that length. The absolute length spectrum of a Riemannian mani-
fold (M, g), denoted spec;, (M, g), is the set of lengths of smoothly closed geodesics,
with no multiplicity assigned.

A major open question in spectral geometry is the precise relation between the
Laplace spectrum on functions and the (absolute) length spectrum. In a few cases,
the Laplace spectrum on functions and the length spectrum are known to be equiv-
alent. Huber showed that two closed Riemann surfaces are isospectral if and only
if they have the same length spectrum (see [Bu] for an exposition and references),
and the Poisson summation formula shows that two flat tori are isospectral if and
only if they have the same length spectrum (see [BGM]). In contrast, the Zoll and
standard spheres provide us with examples of manifolds that have the same length
spectrum, but not the same Laplace spectrum. Indeed, by definition, all of the
closed geodesics on Zoll spheres have length an integer multiple of 27; the same is
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true for standard spheres. However, the standard sphere is known to be spectrally
determined in dimension less than or equal to six. (See [Bs] and [BGM].)

Using the heat equation, Colin de Verdiere [CdV] has shown that generically
(in the family of all Riemannian manifolds), the Laplace spectrum determines the
absolute length spectrum. This result supports the widely held belief that all
isospectral manifolds must share the same absolute length spectrum.

In sharp contrast, Miatello and Rossetti [MR] have constructed pairs of compact
flat manifolds that are isospectral on one-forms but which do not have the same
absolute length spectrum. Also in contrast, C. S. Gordon [GI] has constructed
pairs of isospectral Heisenberg manifolds that have unequal multiplicities in the
length spectrum, and Gornet [Gt1] has constructed other higher-step nilmanifolds
with this property. There is no known example of a pair of manifolds that are
isospectral on functions but with unequal absolute length spectra.

Our objects of study in this paper are Riemannian two-step nilmanifolds: closed
manifolds of the form (I'\G, g), where G is a simply-connected two-step nilpotent
Lie group, I is a uniform (i.e., T\G compact) discrete subgroup of G, and g is a left
invariant metric on G, which descends to a Riemannian metric on I'\G that we also
denote by g. A Heisenberg manifold is a two-step Riemannian nilmanifold whose
covering Lie group G is one of the (2n+1)-dimensional Heisenberg Lie groups. Two-
step nilmanifolds in general, and Heisenberg manifolds in particular, have been a
rich source of examples of isospectral manifolds, producing a wealth of geometric
properties not determined by the spectrum; see [DG1], [DG2], [O], [P1], [P2], [P3],
[P4], [GWT], [GW2], [GW3], [G1], [G2], [G3], [E1].

The classical way to express the relation between the Laplace spectrum and the
length spectrum on general manifolds is the following. For (M, g) a Riemannian
manifold, define ej;(t) = trace(exp(itv/A)) = 2 Nespec(M,g) ™A This is a spec-
trally determined tempered distribution of t. The classical trace formula, arising
from the study of the wave equation, provides information about the singularities
of ep(t). In particular [DGul,

(1) the singular support of e (¢) is contained in spec; (M, g), and

(2) if 7 is in specy (M, g) and 7 satisfies a Clean Intersection Hypothesis, then
epm(t) is a classical conormal distribution in a neighborhood of 7, and the
singularities of eps(t) at 7 provide geometric information about (M, g), the
wave INVariants.

See [S] for an excellent introduction to the basics of distribution theory in general
and tempered distributions in particular. See [DGu] for more information about
the classical trace formula.

Note that eps(t) is spectrally determined; i.e., if (M, g) and (M’, g') are isospec-
tral, then eps (t) = ear (). Recently S. Zelditch [Z1], [Z2] has used the wave invari-
ants to construct plane domains that are spectrally determined within the family
of plane domains with analytic boundary. (See also [Gul.)

The fact that the singular support of ey (t) is contained in specy (M, g) is physi-
cally quite natural. One expects that sound waves propagate along geodesics, hence
singularities should occur when these sound waves intersect themselves, i.e., meet
up while travelling along smoothly closed geodesics.

The generic results of Colin de Verdiere [CdV], described above, can also be
obtained from the classical trace formula [DGul. In the case of compact, hyperbolic
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manifolds, this arises from the Selberg Trace Formula [Sel]. (See also [Chl, Chapter
XI1].)

The genericity hypotheses of Colin de Verdiere and Duistermaat-Guillemin re-
quire that all closed geodesics be isolated and that lengths be multiplicity free,
i.e., a length 7 € spec;, (M, g) appears in exactly one free homotopy class (and its
inverse). Nilmanifolds possess a great deal of symmetry so that closed geodesics
always come in large-dimensional families, thus failing these generic hypotheses.
Consequently, generic results relating the Laplace and length spectra say nothing
about the many known examples of isospectral nilmanifolds and other isospectral
families of manifolds.

A distinct issue from genericity, and the focus of this paper, is that of the Clean
Intersection Hypothesis, which is defined in Definition 1.4 below. Roughly speaking,
the Clean Intersection Hypothesis requires that fixed point sets of the differential
of the geodesic flow at initial velocities producing smoothly closed geodesics behave
nicely. The geometric expression of the wave invariants given by Duistermaat and
Guillemin is valid when the Clean Intersection Hypothesis is satisfied.

The main theorem (see Theorem 2.6 and Theorem 3.1) of this paper is the
calculation of necessary and sufficient conditions for a two-step nilmanifold to satisfy
the Clean Intersection Hypothesis. This condition is expressed entirely in terms
of metric Lie algebra data. See (1.9) for an example of a (Heisenberg) two-step
nilmanifold that fails the Clean Intersection Hypothesis.

A corollary to this condition is (see Corollary 2.9 and Theorem 2.10):

Theorem. The family of two-step nilmanifolds that fail the Clean Intersection
Hypothesis are dense in the family of two-step nilmanifolds. Generic two-step nil-
manifolds satisfy the Clean Intersection Hypothesis.

The existence of “unclean” left invariant metrics on Heisenberg manifolds was
previously observed by H. Pesce in [P4, Remark IL5].

This paper is organized so that anyone with a background in Riemannian ge-
ometry should be able to read Section 1 and Section 2, including the statements
of the main theorem and its corollaries. The highly technical aspects of two-step
nilmanifolds and the proof of main theorems are left to Section 3. Section 1 starts
with an exposition of the Clean Intersection Hypothesis, and directly calculates
the Clean Intersection Hypothesis on all flat tori (Example 1.19) and for certain
three-dimensional Heisenberg manifolds (Example 1.20). Section 2 includes a very
brief, expository introduction to two-step nilmanifolds, which is enough to state the
main theorem (Theorem 2.6) and its corollaries. In contrast to its statement, the
proof of the main theorem is quite technical and is the focus of Section 3, which
also includes detailed background information on the length spectrum of two-step
nilmanifolds.

The author wishes to thank Alejandro Uribe and Jeffrey M. Lee for inspiring
conversations about this paper.

1. THE CLEAN INTERSECTION HYPOTHESIS

Throughout this paper, a prime (e.g. X'(t)) will denote derivation with respect
to the t or r variable, and a dot (e.g. &(s)) will denote derivation with respect to
the s variable.
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1.1 Notation. Denote by X the unit tangent bundle of a Riemannian manifold
(M,g). For v, € X, denote by o,,(t) the unique geodesic in (M, g) with initial
velocity vp. So 0,,(0) = p € M, and o, (0) = v, € X. Denote geodesic flow on
(M,g) by ®: Rx X — X. So

O(t,vp) = 03, (1)
Denote by ¢ a free homotopy class of loops of M. For 7 > 0, define
(1.2) F(r,e) ={v, € X: O(1,vp) = Up Oy € c}.

F(7,c) is the set of all initial velocities producing smoothly closed, unit speed
geodesics of period 7 (i.e. of length 7) that are, as closed loops, contained in the
free homotopy class c. Note that F(7,c¢) is empty if there does not exist a closed,
unit speed geodesic in the free homotopy class ¢ of length 7.

The calculation of the wave invariants by Duistermaat and Guillemin uses the
cotangent bundle [DGu]. As we are working on Riemannian manifolds, there is a
natural identification between the cotangent bundle and the tangent bundle in this
context. The paper [GuU]| has a nice expository explanation of the wave trace, and
the set F'(7,¢) here is equal to the set W, (c) there.

For 7 > 0, define . : X — X by

D (vp) = B(7,vp).
If v, € F(7,¢c), then ®,(v,) = vp, so
(1.3) if v, € F(7,¢), then (bT*'up Ty, X — T, X.
Define FPS(7,v,) to be the fixed point set of (I)T*vp'

1.4 Definition. A period 7 in specy, (M, g) satisfies the Clean Intersection Hypoth-
esis if for all ¢ such that F(7, ¢) is nonempty, F'(7, ¢) is a finite union of submanifolds
of X, and for all v, in F(7,¢), T,, F(7,c) equals the fixed point set of <I>T*vp; that
is, if v, € F(7,¢),

T, F(r,¢c) = FPS(7,vp).

The manifold (M, g) satisfies the Clean Intersection Hypothesis if for all 7 in
specy (M, g), T satisfies the Clean Intersection Hypothesis.

1.5 Remark. Since ® =Idp(r.¢), if v, € F(7,¢), then

T|F(r,c)
T, F(7,c) C FPS(1,vp).

The issue, then, when studying the Clean Intersection Hypothesis is whether there
can exist fixed points of @, ~that are normal to F(r,c).

The manifolds we consider in this paper are constructed as follows. Let G be
a simply-connected Lie group, and consider the action of G on itself by left trans-
lations. Let I" be a cocompact (i.e., I'\G compact), discrete subgroup of G; the
existence of I" implies that G is unimodular. A Riemannian metric g is left invari-
ant if the left translations L, of G are isometries for all p in G, so the action of
I' on G is by isometries. Note that a left invariant metric on G is determined by
specifying an inner product { , ) on the Lie algebra g of G and vice versa. A Lie
algebra together with an inner product (g, ( , }) is called a metric Lie algebra. The
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left invariant metric g descends to a Riemannian metric on I'\G, also denoted by
g. With this metric, the mapping

(1.6) m : (G, g) — (I\G,g)

is a Riemannian covering.
As is standard, we study closed geodesics on (I'\G, g) by lifting them to the
universal cover (G, g).

1.7 Definition. Let o be a unit speed geodesic of (G, g). A nonidentity element ~
in G translates o by an amount T > 0 if yo(t) = o(t+7) for all t € R. The number
T is called a period of ~.

As G is simply-connected, the free homotopy classes of T'\G correspond to the
conjugacy classes in the fundamental group I'. We denote the conjugacy class in I"
containing v € I' by ¢, s0 ¢y = {fy’vfy’_l : v € T'}. As m is a Riemannian covering,
we have the following:

1.8 Property. The manifold (IT\G,g) contains a closed geodesic of length T in
the free homotopy class ¢ if and only if the manifold (G, g) contains a unit speed
geodesic o (t) and there exists v € ¢, such that ' translates o with period T. Under
the mapping 71, the geodesic o then projects to a smoothly closed geodesic of length
T on (T\G, g) in the free homotopy class c-.

We likewise study the geodesic flow of (I'\G, g) by first studying the geodesic
flow of (G, g). Let X (resp. X) denote the unit tangent bundle of T\G (resp. G).

Because the metric on G is left invariant, the unit tangent bundle X is equivalent
to the sphere bundle (viewing g as T.G)

(1.9) X=2G xS ={(pv):peGueglv =1},

under the mapping vz — (p, Lz, v). We use v; € X and (p,v) € G x S"*!
interchangeably in what follows. Note that the left action of G on G by isometries
determines an action of G on X by isometries:

(1.10) q-vs =q-(p,v) = (Lg(p),v) = vgp.

The subgroup I' then acts on X by isometries as above, and
Xx=D\X = (I\G) x s" L

We let 7 denote the canonical mapping

(1.11) m:X - T\%,

so that 71 defined in (1.6) is just 7 restricted to the first factor.

Throughout this paper, elements with tildes such as p, v, denote elements in G
and X, respectively; elements without tildes such as p and v, denote the image of
p and v; in I'\G and X, respectively, under the canonical mapping = : X — X. The
element e is the identity element of G and we denote € = 7 (e).

We define

(1.12) F(r,7) = {vp € X : D7 (vp) = 7 - v5}.
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With these identifications, we have, for the free homotopy class c, and the length
7 > 0 in the manifold I'\G,

F(r,ey) ={v, € X: ®.(vp) = Ups Oy € ey}
(1.13) = {m(vp) 105 € 2,3 € ¢y, 00, (t +T) = 0y, () Yt}
= {m(vp) :v5 € X, 3 € ¢y, D, (v3) =7 - 05}
= {n(F(r,7) 17 € ¢}
= n(F(1,7)).

To see the last equality, note that if 4" € ¢,, then there exists v € T' such
that v = "7/, ie., vy = 49" If v; € ¥ such that ®,(vs) = 4 - v, then
Ou;(t+7) =7'0,,(t) for all t € R, so

V0 (t+7) =" 00, (t) = 17" 00, (1)
Since left translations are isometries, this implies
(1.14) Ot ooy (E+T) = YOy 5 (1),

ie., (7" vp) = D, (vyr.5) = 7 - Uy This implies that F(1,7) = v"F(1,7),

which implies 7(F(7,v")) = n(F(7,7)). We have shown:
1.15 Proposition. With notation as above, let v, € X. The vector v, € F(T,cy)
if and only if there exists v; € w1 (vy) such that ®,(vz) =7y - v. In this case,

Doy, 1Ty, X — Ty X

As X is a Riemannian cover of X, we study fixed points of ®., by studying
éT*vﬁ : Tvﬁf% — Ty.vﬁ.’% for vz € T 1(vy). ’
Note that under the identification X 2 G x ", we may write Tvﬁf% as follows:
(1.16) Tvﬁf% = TG x T,8" ' = {(u,v*) : u € TG, v" € g,v*+ L v},
where by S"~! we mean the unit sphere in g. Likewise we have
(117) T,,X=T,(T\G) x T,8" ' = {(u,v") :u € T, (T\G) ,v" € g,v" L v}
We abuse notation slightly by identifying the components of

ﬂ-*v;-) ((U” Ul)’uf,) = (’U,, UL)UP

and
(u, vl)vﬁ.
We may do this since 7 is a Riemannian covering, so T, (I'\G) and T;G are isomet-
ric. Since v - v5 = vy.5,
~ -1
Ty, X =T, 5G x T,8" .
We may use the left action on G to identify elements of T;G and T.,.5G, i.e., to
identify T, X and T’,.,;X. We have shown:
1.18 Proposition. With notation as above, let v, € F(7,c,). An element (u, UL)UP
€Ty, X is a fived point of (I)T*vp if and only if there exists v; € w1 (v,) such that

q)'r*vﬁ ((U; ’Ul)vﬁ) = (u, UL)W.%.
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Two examples. The Clean Intersection Hypothesis is difficult to grasp intuitively,
and as it is the focus of this paper, we present the following two “warm-up” examples
before stating and proving the more general results in Section 2 and Section 3.

The purpose of looking at these particular examples is to illustrate the process
on manifolds that are familiar and interesting to the general audience.

1.19 Flat torus. We show that any flat torus satisfies the Clean Intersection
Hypothesis.

Let G = R™. Here I" = L, a lattice of full rank in R™. Then L\R™ with the metric
induced from the Euclidean metric on R™ is a closed Riemannian manifold. Note
that both L\R™ and R™ are Lie groups under addition and are endowed with a left
(and right) invariant metric, as translations are isometries. As in the general case,
we identify

X=R"x S" L ={(p,v): peR v € R", |v| = 1}.
We continue to use vz and (p, v) interchangeably and v, and (p, v) interchangeably.

Geodesics in R™ are just straight lines, so geodesics in L\R"™ are projections of
straight lines. For vz € X, 0y, (t) =p+tv € R" and B(t, v5) = Ve = (P + tv,v).
Since 71 : R™ — L\R" is a Riemannian submersion with totally geodesic fibers, for
vp € X, O(t,vp) = Uppto.

Free homotopy classes of L\R"™ correspond to conjugacy classes in L. As R” is
abelian, the free homotopy classes of L\R™ are in one-to-one correspondence with
the elements of L. The unit speed geodesic o, (t) on R™ projects to a closed geodesic
of L\R™ with period 7 in the free homotopy class ¢; if and only if o, (t 4+ 7) =
I+ 0y, (t) for all t. In this case

Op,(t+T)=p+(t+T)v=1+0,,(t) =1+ D+ 1tv,
so | = vt and, as v is a unit vector, 7 = |I|. The length spectrum of L\R" is thus
specy (L\R™) ={Jl| : l € L}.
As in (1.13), F(7,¢;) = ©(F(r,1)), and
F(rl) = {v5 :v5 € X, 0, (v5) =1 -v3}
={v5:v5 € X, v =1}
=R"x {I/|l|} il|l=r
We conclude that if |I| # 7, then F(7,¢;) = 0, and if || = 7, then
F(ra) = L\R™ > {1/]]}.
Clearly, F(7,¢) is diffeomorphic to L\R™.
If v, € F(Jl|, ), by (1.17) and Remark 1.5,
T, F(JU]; e1) = T (L\R™) x {0} C FPS(|I], vp).
Thus, for (u,0),, € T, F(|l],c), @T*UP((U,O)UP) = (u,0),,. An arbitrary element

of T, X that is normal to T, F(|l|,¢;) is given by (0,v"),, , where v is any vector

in R” (viewed here as R™ = T,R™) that is orthogonal to v. (See Remark 1.5.)
We show that (0, vJ-)vp cannot be a fixed point of <I>T*vp by showing that

@, ((0,01) = (ro vb);

thus vectors normal to F'(]!|,¢;) cannot be fixed points.
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Let a(s) = (p, cos(s)v +sin(s)vt) € X. Then a(0) = (p,v), and &(0) = (0,v1) €
T,,%. Also ®,(a(0)) = (p + 7v,v), and %IOfDT(a(s)) = (rot,vt) € vawx But
p+Tv=p+1=pin L\R", so

@, ((0,07)y,) = (To5,07),, €T, X

Clearly, the fixed point set of &, " is T,, F(7,¢), and L\R" satisfies the Clean
Intersection Hypothesis. i

1.20 Three-dimensional Heisenberg manifold. We show that certain cocom-
pact, discrete subgroups of the three-dimensional Heisenberg group produce mani-
folds that fail the Clean Intersection Hypothesis.

In this example, G = H, the three-dimensional Heisenberg group. Recall that
the three-dimensional Heisenberg group can be defined by

H= cx,y,z €R

O O
o =R
—= QW

The mapping

1 = =z
(r,y,2) = |0 1 y
0 0 1

is a diffeomorphism from R3 to H and determines local coordinates on H.

Note that other “standard” local coordinates are often used in the literature,
which differ from those we use here by a diffeomorphism of R3. In particular, the
logarithmic coordinates used in Section 3, in which we generalize the behavior of
this example to all two-step nilmanifolds, uses a different coordinate system when
applied to the Heisenberg group. The diffeomorphism from the matrix coordi-
nate system used here to the logarithmic coordinate system used in Section 3 is
(2,1, 2) — exp(aX +yY + (= — Lay)2).

In matrix coordinates, the corresponding Lie algebra h of H is determined in
local coordinates at the point p = (x,y, z) by the basis

_9
- Ox’
0 0
VY= 2 42
Oy e 0z’
0
z=2.
0z
Note that [X,Y] = Z, [Y, X] = —Z and Z spans the center 3 of . We specify a left
invariant metric on H by requiring that {X,Y, Z} be an orthonormal basis of b.
Let v = zX 4+ §Y + ZZ be a unit vector at the identity e = (0,0,0) of H. Kaplan

[Kp] showed that (see also [GIl, Prop. 2.7])

1 z(t) =2(¢)
on (t) = (0 1 y(t)
0 0 1

where, if Z # 0,

VAR
< 8
A~
~+ T
=
~_
Il
| =

(e e ()
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and ) )
L=y, (12_7;) sin(t2) + %x(t)y(t).

If Z =0, then
o) =7t () =gt =) = e (O)y(0)

If e(t) = (2(t),y(t), 2(t)) is a curve in H, then in the matrix coordinate system,

G e(t) =2/ X +9/ (Y +(2(1) — 2(0)y/ (1))

Thus
o, (t)=2' ()X +y (t)Y + 22,

v

where z(t) and y(t) are given above.

Let I' be a cocompact, discrete subgroup of H. Let v € ' N Z(H), where Z(H)
denotes the center of H. So v = (0,0, 2*) for some z* € R. C. S. Gordon [G1] and
later P. Eberlein [ET] computed the periods of -, which are precisely

{ [z*] Ank(|z*| — k) 1§k<% }

1.21 Theorem. If|z*| € 2rZ™", then the period T = |z*| fails the Clean Intersection
Hypothesis.

An example of a cocompact, discrete subgroup I' that satisfies the hypothesis of
this theorem is

I = {(2mn,m,27k) : n,m, k € Z}.

Proof of Theorem 1.21. We omit many straightforward but tedious details, as this
is just a special case of Theorem 2.6 below.

Since v € Z(H) and 7 = |2*|, careful analysis of the geodesic equations shows
that

F(r,v)=H x {+Z}
and
F(r,¢y) =T\H x {£Z}.

This also follows from Theorem 3.8 and Remarks 3.9 below. The sign of +7 is
determined by the sign of z*. Thus, for v; € F(r,7),

T, F(7,7) = b x {0}.
Without loss of generality, we assume that z* > 0. Now let
a(s) = (e,sin(s) X + cos(s)Z) € %.

Note that «(0) = Z. and &(0) = Xz, . Plugging the initial velocity v = sin(s)X +
cos(s)Z into the geodesic equations above, so that Z = sin(s), § = 0, and zZ = cos(s),
we obtain

P, (a(s)) = (tanssin(r cos s), tan s(1 — cos(7 cos s)),
1 1
§(sec S+ coss)T — 5 tan? ssin(27 cos 5);

sin s cos(T cos ), sin s sin(7 cos s), cos ).
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We compute that

d

g‘ofi%(a(s)) = (sinT,1 — cosT,0; cos7,sin T, 0).

Since 7 = |2*| € 2rZ™T, we have shown that

(I)T*Ze ((OaX)ZG) = (O’X)Zw’

which by Proposition 1.18, shows that (0, X)z, is a fixed point of ® ..z, but clearly
(0, X)z, is not tangent to F(7,c,). O

2. TWO-STEP NILMANIFOLDS AND THE CLEAN INTERSECTION HYPOTHESIS

The purpose of this section is to state the main result of this paper: a necessary
and sufficient condition for a two-step nilmanifold to satisfy the Clean Intersection
Hypothesis. In this section, we also include several corollaries and their proofs.
The proof of the main result, Theorem 2.6 (as generalized in Theorem 3.1) is very
technical, and is the focus of Section 3.

Before proceeding, we need to introduce additional background information on
two-step nilmanifolds. We continue the notation established in Section 1.

For a Lie algebra g, denote by g() the derived algebra [g,9] of g. A Lie algebra
g is two-step nilpotent if g') C 3, where 3 denotes the center of g, and g(*) # 0.
A Lie group G is two-step nilpotent if its Lie algebra is. Let I' be a cocompact,
discrete subgroup of a simply-connected two-step nilpotent Lie group G with left
invariant metric g. The left invariant metric g descends to a metric on I'\G that we
also denote by g. The locally homogeneous space (I'\G, g) is called a Riemannian
two-step nilmanifold.

As in Section 1, we study the geometry of (I'\G, g) by studying the geometry
of its simply-connected Riemannian covering (G, g) and its associated metric Lie
algebra (g, (, )).

Throughout the remainder of this paper, G will denote a simply-connected two-
step nilpotent Lie group, g will denote a left invariant metric on G, and (g, ( , )) will
denote the associated metric Lie algebra. We denote the orthogonal complement
of 3 in g by v and write g =0 @ 3.

On all simply-connected nilpotent Lie groups, the Lie group exponential exp :
g — G is a diffeomorphism [R], so G is diffeomorphic to R™, where n = dim g. For
two-step nilpotent Lie groups, by the Campbell-Baker-Hausdorft formula [V], we
may easily write the group operation of G in terms of the Lie algebra g by

1
exp(X)exp(Y) =exp(X +Y + §[X, Y)),
where XY € g. Thus,
exp(X) ™! = exp(—X),

(2.1) exp(X) exp(Y) exp(X) ™" = exp(¥ +[X, Y])
exp(X) exp(Y) exp(X) texp(Y) ™! = exp([X, Y]).

Let log : G — g denote the inverse of the diffeomorphism exp .
We use the following information about two-step nilpotent metric Lie algebras,
which was first developed by Kaplan [Kp| for the study of Heisenberg groups.
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2.2 Definition. Let (g, (, )) be a two-step nilpotent metric Lie algebra, g = v ®3.
Define a linear transformation j : 3 — so(v) by j(Z2)X = (adX)*Z for Z € 3 and
X € v. Equivalently, for each Z € 3, j(Z) : v — v is the skew-symmetric linear
transformation defined by

(2'3) <](Z)X’Y> = <Z’ [X,YD,

for all X, Y in v. Here adX (V) = [X,Y] for all X,Y € g, and (adX)* denotes the
(metric) adjoint of ad X.

By skew-symmetry, j(Z) has dimg(b) purely complex eigenvalues counting (alge-
braic) multiplicities and the nonzero eigenvalues occur in complex conjugate pairs;
the eigenvalues of j(Z)? are then real and nonpositive. If j(Z) is nonsingular for
some Z in 3, then the (real) dimension of v is even.

Each two-step nilpotent metric Lie algebra carries with it the j operator. On
the other hand, given inner product spaces v and 3 and a linear transformation
J 3 — so(v), one can define a two-step nilpotent metric Lie algebra (v ®3,(, )) by
requiring that 3 be central, that @ be an orthogonal direct sum, and by defining the
Lie bracket [ , ] via (2.3). All two-step nilpotent metric Lie algebras are determined
this way.

2.4 Definitions. Let (g,(, )) be a two-step nilpotent metric Lie algebra and let
Z €3
(1) Let u(Z) denote the number of distinct eigenvalues of j(Z). For ease of
notation, we write p rather than ©(Z) when Z is understood.
(2) Let —191(2)2,—192(2)2,...,—19M(Z)2 denote the p distinct eigenvalues of
7(Z)?, with the assumption that 0 < ¢¥1(Z) < ¥2(Z) < --- < 9,(Z). The
distinct eigenvalues of j(Z) are then {£01(2)i,...,+9,(Z)i}.

2.5 Notation. Let V + Z € g, with V € v, Z € 3. Denote by Zy the orthogonal
projection of Z onto the subalgebra [V,g] = {[V,X] : X € g} C 3. Denote by
Zir = Z — Zy, so that Zi is the component of Z that is orthogonal to [V, g].

We are now ready to state the main theorems of this paper.

2.6 Main Theorem. Let (I'\G, g) be a Riemannian two-step nilmanifold. With
notation as above, ('\G, g) satisfies the Clean Intersection Hypothesis if and only
if for allV + Z €logT and for allm =1,...,u(Z),

ﬁm(Z\%) ¢ @+7T-

Theorem 2.6 actually follows directly from the more precise statement Theorem
3.1 below. The proof of Theorem 3.1 together with further background information
of two-step nilmanifolds is the focus of Section 3.

2.7 Example: Heisenberg manifold (continued). We continue with example
1.20, where H is the three-dimensional Heisenberg Lie group and g is the unique
left-invariant metric on H such that {X,Y, Z} is an orthonormal basis. For this

metric,

. 0 —c

ien=(7 )
and ¥1(cZ) = || for all ¢ € R. Let T’ be any cocompact, discrete subgroup of H
such that 27kZ € logI' N3 for some k € Z*, such as the one defined in Example
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1.20. Then ¥, (27kZ) = 2wk, and by Theorem 2.6, (I'\G, g) does not satisfy the
Clean Intersection Hypothesis.

2.8 Corollary. Let G be a simply-connected, two-step nilpotent Lie group with
cocompact, discrete subgroup U'. There exist left invariant metrics on G such that
(T\G, g) fails to satisfy the Clean Intersection Hypothesis.

Proof of Corollary 2.8. Let G be a simply-connected two-step nilpotent Lie group.
Let T’ be a cocompact, discrete subgroup of I'. Let Z* € logI' N 3. Let g be any
left invariant metric on G such that Z* is a unit vector and such that j(Z*) # 0.
Then j(Z*) has eigenvalues {+91(Z"),...,+9,(Z*)}. Pick one nonzero eigenvalue
of j(Z*), say 9., (Z*). Let A be such that A\, (Z*) € Qr. Let gy be any left invariant
metric on G such that 1
\/XZ

is a unit vector and the metric on the orthogonal complement of the center remains
unchanged. Let j) denote the J-operator in the metric gy with eigenvalues denoted
¥, One easily calculates that j\(Z*) = \j(Z*), and 9}, (Z*) = M (Z*) € Qn.
By Theorem 2.6, (I'\G, g») does not satisfy the Clean Intersection Hypothesis. O

2.9 Corollary. If (I'\G, g) is a two-step Riemannian nilmanifold that satisfies the
Clean Intersection Hypothesis, then there exists a sequence of metrics g on T\G
arising from a left invariant metric on G, limg_,oc gr = g, such that (T\G, gx,) fails
to satisfy the Clean Intersection Hypothesis.

Proof of Corollary 2.9. This follows from the process described in the previous
corollary, by choosing a sequence Ay such that A\, (Z*) € Qm and limg_.oc A =
1. |

In other words, “unclean” two-step nilmanifolds are dense among two-step nil-
manifolds. However, the family of two-step nilmanifolds that satisfy the hypotheses
of Theorem 2.6 are clearly measure zero in the family of all two-step nilmanifolds.

2.10 Theorem. Generic two-step nilmanifolds satisfy the Clean Intersection Hy-
pothesis.

2.11. See [G1] for the first examples and [Gt2] for further examples of pairs of
two-step nilmanifolds that are isospectral on functions but which have different
multiplicities in the length spectrum. It is interesting to note that the lengths that
produce different multiplicities in the isospectral pairs are not those associated to
the “unclean” lengths, described above. Thus, the multiplicity phenomena does not
appear related to the Clean Intersection Hypothesis. See [Gt6]| for results comparing
the wave invariants of these examples.

2.12 Remark. In special cases, using Riemannian submersions, one should be able
to construct higher-step nilmanifolds that fail the Clean Intersection Hypothesis.
Technical difficulties arise in proving that the clean intersection hypothesis must
respect Riemannian submersions.

3. PROOF OF THE MAIN THEOREM

Recall that throughout this paper, a prime (e.g. X'(t)) denotes derivation with
respect to the ¢ or r variable, and a dot (e.g. &(s)) denotes derivation with respect
to the s variable. Also recall that elements with tildes such as p, v, denote elements
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in G and X, respectively; elements without tildes such as p and vp denote the image
of p and v in I'\G and X, respectively, under the canonical mapping 7 : X - X
The element e is the identity element of G.

The purpose of this section is to prove the following theorem, from which The-
orem 2.6 follows directly.

3.1 Theorem. Let (I'\G, g) be a Riemannian two-step nilmanifold. With notation
as established in Section 1 and Section 2, (I'\G, g) satisfies the Clean Intersection
Hypothesis if and only if for all v = exp(V + Z) € T and for allm =1,..., u(Zi&),
Im(ZiE) & 2nZF. In particular, if 7 € spec, (T\G,g) and there exists v € T
and v, € F(7,¢y) such that T, F(,cy) # FPS(t,v,), then 7 = |V + Zi;| and there
exists m € {1,...,u(Zi)} such that 9,,(Z;7) € 2nZ*. On the other hand, if v =
exp(V + Z) € T and 9,,,(Zi) € 27Z% for some m = 1,...,u(Z3), letting 7 =
\V + Z|, then F(7,¢y) # 0 and T, F(7,cy) # FPS(1,vp).

To see that Theorem 3.1 implies Theorem 2.6, let (I'\G,g) be a Riemannian
two-step nilmanifold. Let v = exp(V + Z) € T such that 9,,(Zi) € 2rQ*. Let
h,h' € Z* such that 9,,(Zi) = L. Then 21/ (V + Z) = log(72") is also in logT.
Note that (20/(V + 2)) = 2h'Zi, and 9,, (20 Zi5) = 200, (Zi5) = 2h7 € 27ZF.
So, there exists v = exp(V + Z) € T such that 9,,(Z;+) € 2nrQ* if and only if there
exists 7' = exp(V’ 4+ Z') € T such that 9,,(Z~) € 27Z+.

We need additional information and notation about two-step nilmanifolds before
proceeding with the proof of Theorem 3.1.

We continue the notation of Section 1 and Section 2.

3.2 Notation. (1) Let W,,,(Z) denote the invariant subspace of j(Z) corre-
sponding to 9,,(Z), m = 1,..., u. Then j(Z)%Wm(Z) = fﬁm(Z)21d|Wm(Z);
i.e., W,,(Z) is the eigenspace of j(Z)? with eigenvalue —1,,(Z)?. In partic-
ular, if ¥1(Z) = 0, then W1 (Z) = ker j(Z). By the skew-symmetry of j(Z2),
v is the orthogonal direct sum of the invariant subspaces W,,(Z) and we
write

(2) Note that if ¥,,,(Z) # 0, then
-1 -1
1Dz = gz Dwn)
and form=1,...,u,

sin(sd,,)
Um
where J = j(Z) and 9, = 9,,,(2).

e’ = cos(s0,,)Id + J on W, (Z),

3.3 Notation. Let Xy + Zj be a vector in n with Xy € v and Zj € 3.
(1) Define X; and X5 by Xy = X; + X5 such that X; € kerj(Zp) and X5 L
ker j(Zp).
(2) Let &, denote the component of X5 in W,,(Zy), for each m. We write
Xo = >, &m. Note that if Wi(Zy) = kerj(Zp), then & = 0. When
necessary, we assume j(Z)1& = 0 if ¥,(Z) = 0.
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3.4 Definitions. (1) For V in v, define Py : 3 — [V, g] as orthogonal projec-
tion onto [V, g]. Define PiF : 3 — [V, g]* as projection onto [V, g]*, the or-
thogonal complement of [V, g] in 3. For V € v and Z € 3, define Zy = Py (2)
and Zi = Pi+(Z), which is consistent with the notation of 2.5.

(2) With notation as above, define K : g — 3 by

KXo+ 20) = %0+ 5 S50 6]

(3) Set Ky = Py o K and K{: = P o K.
Note that
1 . _ 1
(Zo, K(Xa2 + Zo)) = | Zo|? + 3 > (20, 1§(Z0) ™ ém &ml) = 120 + §|X2|2-

Thus K (X3 + Zy) = 0 if and only if Xo + Zy = 0, and, K(X2 + Zy) = Z if and
only if X3 = 0. Note also that if Zy L [V, g], Zo # 0, then Ki-(X2 + Zo) # 0.

3.5 Geodesic flow of two-step nilmanifolds. By left invariance,
(t,v5) = p- B(t,ve)
for all p € G. So it is enough to calculate the geodesic flow of (G, g) at the identity
e € G. Let v, € T.G = g, with v, = X7 + X2+ Zj as in Notation 3.3. By [EI, Prop
3.5]
v, (1) = B(t, (e, X1 + Xa + Zo)) = (exp(X () + Z (1)), X' (t) + Zo),
where Xo = 3" &, with &, € Wi, (Z0), J = j(Zo), Om = Um(Zo), and
X(t) = X, + (&~ 14)(J 1X2>

_tX1—|—Z CO& t’ﬂ (—ng +Zsm )£m7

m

X'(t)= X1 + e“X2

= X0+ () () + 3 oSt

Z(t) = /0 (Zo + %[X(T),X/(T)])dr.

For a more detailed expression of Z(t), involving X1, &y, and ¥,,, see [EIl Prop
3.5].

3.6 Theorem ([EI]). Let G be a simply-connected two-step nilpotent Lie group
with left invariant metric g and metric Lie algebra (g,{ , )). Let Xo + Zy be a
unit vector in g with Xo € v, Zg € 3. We write Xo = X1 + Xo, Xo = > & as
n (3.3). Given a unit speed geodesic o with 0(0) = e and ¢(0) = Xo + Zy, the
following statements hold:
(1) Assume there exists w > 0 and ¢ € G such that ¢po(s) = o(s +w) for all
s. Let ¢ = exp(V + Z), where V € v and Z € 3. Then X(w) =V = wX;
and &, # 0 implies w9, (Zoy) € 2nZT for all m = 1,...,u. Furthermore,
Z(w) =7 = WK(XQ + Zo) + [V,j(Zo)ing].
(2) The value w > 0 satisfies o(w)o(s) = o(s + w) for all s if and only if
Zy L [logo(w), g].
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3.7 Theorem ([GtM1]). Let G be a simply-connected two-step nilpotent Lie group
with left invariant metric g. Let (g,{ , )) be the associated metric Lie algebra. With
notation as above, let v = exp(V + Zy + Z‘J;) be an element of G. The periods of
v are precisely

L2
(1) {\/V|2 + IKL(LQ%W : Xo + Zy satisfy (1)-(iv) below } )
%

where % 0 if Zi& = 0. Given X2 € v and Zy € 3, the conditions referred

to in (1) are the following:
(1) |X2+Zo| =1 0TX2+ZQ :O7

(ii) V € kerj(Zp) and Xo L kerj(Zy),

(iii) Zy € spang+ {K77 (X2 + Zo)},

ZE9m (Z,

(iv) for all m such that &, # 0, 1257 |0m(Z0)

€ Z.
21| K (X2 + Zo)|

We need information about the initial velocities that achieve the periods in
Theorem 3.7. We now show:

3.8 Theorem. Let G be a simply-connected two-step nilpotent Lie group with left
invariant metric g. Let v = exp(V + Z) € G and let 7 > 0. With notation as in
Section 1 and Section 2,

F(r,7) = {vs w = % (V+ VT2V (Xo + Zo)) )

p and Xy + Zy satisfy (i)-(v) below }.

(%)

Given p € G, X2 € v and Zy € 3, the conditions referred to in (W) are the following:
(1) |X2+Zo| =1 OT'X2+ZQ :O7
(ii) V € kerj(Zp) and X2 1 kerj(Zo)

T 7|V

(iv) for all m such that &, # 0, Y¥—5—— 19 ( o) € Z, and
(v) V,logpl+ Zy = [V, j(Zo) ' Xo] + VT2 = V]2 Ky (X2 + Zo).
Note that F(T, v) =0 if no such p, X, Zy exist.

3.9 Remarks. a. Note that Xy + Zj satisfies (i)-(iv) of Theorem 3.7, and thus
produces the period

N (T i
K (Xa + Zo)

if and only if Xy + Zy satisfies (i)-(iv) of Theorem 3.8 for this value of 7.
The additional condition (v) in Theorem 3.8 corresponds to the property a
base point of a geodesic o, that achieves the period 7 must satisfy. Note
that if v € Z(G), then V = 0 and condition (v) of Theorem 3.8 is satisfied
for any point p € G.
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b. By [E, Prop. 4.5(2)], 7 = |V +Zi:|is always a period of v, and for this value
of T,v=2(V+Z),ie, X2 =0, Zy = ﬁz‘#, and K (Xo+Zo) = ﬁz&.
This also follows from Theorem 3.7. In this case, condition (v) becomes
[V,1log p] + Zy = 0. One may compute that

{peG:llogp,V]=2v}=C(7,G)q=qC(v,G),
where ¢ is any fixed element in G such that
G 'vq = exp(V + Zy).

To see this, note that by (2.1), [V,logp] = [V,logq| if and only if pg—! €
C(v,G). Thus for 7 = |V + Z,

F(r,7) = O, G x LV + 7).

Proof of Theorem 3.8. Recall that K(A\(X2+Z)) = AK(Xa+Zp) for all A € R and
Om(NZo) = |M0m(Zp) for all X # 0 and for all m = 1,...,u(Zp). Also, j(cZ)~t =
1j(Z)7 for all ¢ # 0.

Let o(s) be a unit speed geodesic on (G, g) such that yo(s) = o(s + 7) for all
s. Let 6(0) = v; and p = (0). Then a(s) = p~1o(s) is a unit speed geodesic such
that p~1vpa(s) = a(s + 7) for all s; i.e., a(s) is a unit speed geodesic with period
7. Note that by (2.1),

log(p~vp) =V + Zv + ZiF + [V, log ).

Let a(s) = exp(X(s) + Z(s)) as in Subsection 3.5. Denote the initial velocity of
a(s) by v = X{ + X5 + Zj, where Zj € 3, X| € kerj(Z;) and X3 L kerj(Z)). By
part (1) of Theorem 3.6,

X1 =V
and
log(p™'yp) =V + 7K (X5 + Zg) + [V.5(Z5) 7' X3).
Thus
Zy + [V,Jogp] = TKv (X3 + Zg) + [V, 5(Z5) ™' X3)]
and

Zy = Ky (X5 + Z).

Note that if Zi+ = 0, then K{+(X5 + Z}) = 0, which by the remarks following
Definitions 3.4 implies Z) = 0, X} = 0 and [V, j(Z{) "' X4] = 0. In this case, 7 = |V|
and v = %, as desired. Note that conditions (i)-(iv) are automatically satisfied.
Also, condition (v) follows from the fact that /72 — |[V|2 = 0.

So we may assume Zi # 0, which implies X} + Z} # 0.

If V # 0, then 7 = |V|/|X{| and since v is a unit vector,

T
VTV
Note that this holds even if V' = 0, since then X{ = 0 and X/ + Z| is a unit vector.

Let Xo + Zy = %, so that conditions (i) and (ii) of (k) are satisfied, since
V =1X].

Then

| X5 + Zol =

Ve
Xo+ 2y = %(XQ‘FZO)

)
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which implies

22
2t = 1 (X34 2) = (L (X1 20) = VPSP R (Xt Z0),
and condition (iii) of (*K) is satisfied.

By part (1) of Theorem 3.6, we must have 79,,(Z))) € 2rZ for all m such that
&m # 0. This implies

TI9m(Z4) = VT2 = V|20 (Zo) € 277

for all m such that &,, # 0, and condition (iv) of () is satisfied.

Finally,

Zy + [V logp| = mKv (X3 + Z5) + [V, 5(Z5) "' X
implies condition (v) of (X) after normalizing to Xz + Zp.

Thus if vz € F(7,7), then vz mast satisfy the conditions of (7).

To prove equality, let v; satisfy the conditions of (X). Let a(s) be the unit speed
geodesic with initial velocity v;. We must show ya(s) = a(s + 7) for all s. Recall
that v = exp(V + Z), where V € v and Z € 3.

Left translate a(s) to e, by defining o(s) := p~'a(s) for all s. This new curve o(s)
is a geodesic since left translations are isometries. We must now show p~ypo(s) =
o(s+ ) for all s.

To do this, we must first show o(7) = p~1vp. Let o(s) = exp(X (s) + Z(s)) as in
Subsection 3.5. By (2.1), we must show that X (7) = V and Z(7) = Z+[V,log p|. By
the conditions of (%K), v = X{+X4+Z{ where Z| = 7”2;‘”220, X} = 7”72;“/‘2)(2,
X[ =1V, and X, + Z satisfies the conditions of (). By the geodesic equations in
Subsection 3.5 and condition (iv) of (), X (7) = 7X{ = V. Note that by condition
(ii) of (), this implies [logo(7),g] L Z{, so by part (2) of Theorem 3.6, o(s) is
periodic by o(7) = p~1vp.

We may now use condition (1) of Theorem 3.6, so that Z(7) = 7K (X} + Z]) +
[V,3(Z5) 71 X14]. After normalizing to X + Zy as above, we obtain

Z(r) = (V72 = [VPKv (X2 + Z0) + [V, j(Z0) "' Xa]) + /72 — V2K (X2 + Zo).
Using conditions (iii) and (v) of ("), we see that Z(7) = [V, log p]+Z, as desired. [

1

3.10 Notation: Fixed points on two-step nilmanifolds. With notation as
above, let v = exp(V + Z) € I, with Z = Zy + Zi=. By (2.1) there exists § € G
such that
G 'vG = exp(V + Zyp).
We consider ¢ and v (hence, V', Z, Zy, Z&) fixed in what follows.

Let C(v,G) denote the centralizer of v in G. One easily calculates from (2.1)
that

C(v,G)={exp(X): X €g, [X,V]=0}.
Let

(%) P = xqa,

where 2 € C(v,G) and a is an arbitrary element in G.
We identify

vp = (P, v)
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as in (1.9) and let
afs) = (ﬁexp(al(s)),ag(s)) c¥x>~@Gx st
with
a1(0) =0 and a2(0) =wv,
so that
o(0) = (5,0) = v5.
Since exp, = Id, we have dis|0ﬁ -exp(ai(s)) = Ly« (@1(0)), and

(0) = (al 0), az(O))

For v, € F(7,c), we seek conditions so that m.&(0) is a fixed point of ®-,, .

€T,,%X 2 TG x T,S" .
P

v.

Equivalently by Proposition 1.18, for v; € F (7,7) we calculate conditions so that
®r., (6(0)) = Ly (c(0)).

Note that this implies @, ((0)) = 7 - a(0).
For each s, we orthogonally decompose

az(s) = X5 + %,

where Z§ is the central component of as(s) and X§ L Z§, so that
v=X0+ 2.

By the linearity of the derivative and since 3 is a closed subspace of g, Zg is the
orthogonal projection of ay(0) onto the center, so that

a(0) = X§ + 29
is the orthogonal decomposition of a2(0) into its central and noncentral components.
For each s, let X*(t), Z*(t) and X'*(t) denote the components of the geodesic flow
as described in Subsection 3.5, generated by initial velocity a(s).

We now compute necessary and sufficient conditions for the curve &(0) to satisfy
Proposition 1.18 and thus generate a fixed point of ®,, . These necessary and
sufficient conditions are used throughout the proof of Theorem 3.1.

3.11 Theorem. Let G be a two-step nilpotent Lie group with left invariant metric

g. Lety =exp(V+Z) € G. Let p = xda, where § 'vG = exp(V+Z{), # € C(v,Q),

and a € G. Let a(s) = (pexp(ai(s)), az(s)) € X such that a1(0) = 0 and az(0) = v.

Let as(s) = X§+Z§ with Z§ € 3 and X§ € v. Let exp(X*(t)+ Z%(t)) be the geodesic

through e with initial velocity as(s). Then the geodesic flow of (G, g) satisfies
&, ((0)) = Lyuir(0)

if and only if

(1) X%r) =V,

(2) 2°(7) = Zy + [V, logad],
(3) X"°(1) + 28 =,

(4) X°(r) =0,

(5) Z°(7) = [V,a1(0)], and

Recall that a prime denotes derivation with respect to the t or r variable and a
dot denotes derivation with respect to the s variable.
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Proof of Theorem 3.11. Let
B(s) = (&7 0 a)(s).
Define b (s) and ba(s) by

B(s) = (®7 0 a)(s) = yp(exp(bi(s)), ba(s))-
With this notation 5(0) = - v = (yp,v) if and only if

b1(0) = 0 and b2(0) = v.

We now calculate the values of by (s) and by(s) in terms of a1 (s) and as(s).

B(s) =vp - (exp(bi(s)), ba(s))

— (&, 0a)(s)

= &, (pexp(ai(s)), az(s))

= pexp(ai(s)) - 7 (e, ax(s))

= pexp(ai(s)) - (exp(X*() + Z°(7)), X" (1) + Z;)

= zga(a”"q vqa)

- ((@™'q "vga) ™" explas(s)) exp(X*(7) + Z°(7)), X"*(7) + Z5)

= fy[)(exp(—V — ZiF — [V, loga)) exp(ai(s)) exp(X*(1) + Z°(7)), X"* (1) + ZS).

Thus by (2.1),
bi(s) =a1(s) + X5(1) =V + Z5(7) — Zi& + %[m(s) -V, X%(1) + V] —[V,log d]
and
ba(s) = X" (1) + Z5.
Note that since a1(0) =0,
b1(0) = 0 if and only if X°(7) =V and Z°(7) = Zi + [V, log ],
and
by(0) = v if and only if v = X'°(7) + ZJ.
In this case, since exp,,. = Id,

le

O, ((0)) = B(0) = (61(0), 62(0))

P Y Up

One easily calculates that

: . . 1.

b1(0) = a1(0) + X°(7) + 2°(7) + [a1(0) + 5 X°(7), V]
and

b2 (0) = X'O(1) + Z3.
Thus b1(0) = @1(0) if and only if X°() + Z°(7) + [a1(0) + $X°(7), V] = 0, which
since v and 3 are closed, implies X°(7) = 0 and Z°(7) = [V, 4, (0)]. Likewise by(0) =
a2(0) if and only if X'0(7) = X§.
We have proved Theorem 3.11. ([l
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We are now ready to prove the main theorem of the paper.

Proof of Theorem 3.1. Let (I'\G, g) be a two-step nilmanifold.

We first show that if v = exp(V + Z) € T and 9,,(Zi%) € 2nZ* for some m =
1,..., u(ZiF), then the nilmanifold (I'\ N, g) fails the Clean Intersection Hypothesis.

Let v =exp(V + Z) € I. Let ¥,,(Z;%) € 2nZ7F for some m = 1,..., u(Z3).

By Remark 3.9, the value

=V + Z§|

is always a period of 7. Let V = 1V, Z{z = 1 Zz so V + Z; is a unit vector in g,
and 75(Zi) = j(Zi+). By Theorem 3.8 and Remarks 3.9, we have

F(r,cy) = n(C(y,G)g x {V + Zi'}),
where

' =exp(V + Zy)

and C(v, G) is the centralizer of v in G. That is, for all v, € F(7,¢,), v =V + Z;:
and p € 7(C(v, G)q), so that

T, F(7,¢y) =T, (m(C(7, G)q)) x {0}.

Let
p=xq
for some x € C(v,G) and let p = 7(p). So in the notation of 3.10, a = e. Note that
pexp(V + Zi&) = pg'vq = ~p, since z € C(v,G), let v; = (p,V + ZiF), so that
T (vp) = vp € F(7,¢4).
Let £ € Wi (Zy), [€] = 1, let
X5 = sin(s)¢ + cos(s)V and Z§ = cos(s)Zi,
and let
as(s) = X5 + Z;.

Note that & L (V + Zi), since V € ker j(Zi) and 9,,(Zi) > 0, so | X§ + Z5| = 1.
Also note that, in the notation of 3.3,

X{ = cos(s)V C kerj(Z3) = ker j(Zi),

X5 =sin(s)é C Wi (Z5) = Wi (Zi),
so that as(0) = ¢&. )

Let a(s) = (pexp(ai(s)), X§ + Z§) € G x S"~1 = X, where a;(s) is a curve in
g with a;(0) = 0 and with derivative a;(0) that will be specified later. Note that
a(0) = (5, V + Z) = v3, and &(0) = (@1(0), &)y, € T,, X, so that

ﬂ-*(d(o)vﬁ) = (dl(o)vg)vp € ﬂ)px;
but clearly
(al(o)a 5)’11;, g TU;,F(Ta CV)7
since & # 0.

To show that (1(0), &), is a fixed point of @~ , we must show that (41(0), &),
satisfies conditions (1) through (6) of Theorem 3.11.

Note that by Definitions 2.4 and Notation 3.2, j(Zi)¢é € W, (Zi), and j(Zi7)%¢
= —ﬂm(Z§)2§. Using the fact that 9,,(Z+) € 2nZ" and by Notation 3.2, one easily
calculates that o

w2y = w24
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Since j(Z)1€ € Win(Z2),
(7 —10)j(Zp) e =0.
Since j(Z§) = cos(s)j(Z3F),
§(Z3) 7t = sec(s)i(Zip)
We now calculate from Subsection 3.5 that
X5() = X5 + (eti(zé') - Id) (281X
= tcos(s)V + tan(s) (ecos(s)tj(z‘%) — Id) J(Zi) e,
so XO(t) =tV and X°(7) = V; therefore, condition (1) of Theorem 3.11 is satisfied.
Also by Subsection 3.5,
X°(t) = X5 + €% X35 = cos(s)V + sin(s)es()1(Z0)¢

so X'°(t) = V and condition (3) of Theorem 3.11 is satisfied. Finally from Subsec-
tion 3.5,

T 1 s
20 = [ (% + 5@ x" 01 a
0
S0
T _ 1 _ _
Z%1) = / (Z& + §[tV,V]) dt = Zi5.
0
Thus condition (2) of Theorem 3.11 is satisfied, since a = e and loge = 0.
Now

Xs(t) = % {cos(s)ﬂ_/ + tan(s) (ecos(s)tj(zﬁ - Id) j(Zé)_lf}
= —sin(s)tV + sec?(s) { (ecos(s)”(z‘%) - Id) j(Z\#)_lf}

d o _
cos(s)tj(Zy) _ sz ly\—1
+ tan(s) - {(e Id)](ZV) 5}
and so

XO(r) = (eJ’(Z#) - Id) i(ZH e =0,

and condition (4) of Theorem 3.11 is satisfied.
From above,

. _ o d .
X'"¥(t) = —sin(s)V + cos(s)ecos(s)tj(zé)f + sin(s)E{ecos(s)tj(Z¢)§}
and so
X0(r) = /B = = XY
and condition (6) of Theorem 3.11 is satisfied.
Finally, from Subsection 3.5

d d [T 1

—Z%(1) = — Z5 + = [X5(t), X" (t)] ) dt.

570 =1 [ (z+50e0.x0)

Since everything in sight is analytic in both s and ¢ and bounded with a bounded
derivative in s near 0, and since we are integrating over a finite, closed interval,
we can use uniform convergence to bring the derivative dis under the integral sign.
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Using the linearity of the Lie bracket in each component and the product rule, we
thus have

220 = [ 4 (24 3wxm ) a

= /OT (_ sin(S)Z + %[%Xs(t),X/s(t)] + %[Xs(t)’ %X/s(t)]> dt,
and so
220 =3 [ (0. )+ 17, X)) .

Since [V, g] is a closed subspace of 3, we conclude that Z°(7) C [V, g].
We now choose a1 (s) so that

[V.a(0)] = Z2°(r).

With this choice of a;(s), condition (5) of Theorem 3.11 is satisfied.
Since a(s) = (pexp(a1(s)), az(s)) satisfies conditions (1) through (6) of Theorem
3.11, we conclude that

®r., ((@(0),€)0;) = (@(0), &)y

As v; and 7y - v; are identified under 7 : X — X, we sce that (@1(0),8), € Ty, X is
a fixed point of @T*vp, but (a1(0),&)., is not in T, F(7,c).

We have proved that if v = exp(V + Z) € ' and 9,,(Z;+) € 27Z*, then I'\G
does not satisfy the Clean Intersection Hypothesis.

We now prove that the only “unclean” lengths 7 are those associated with a
v = exp(V + Z) € T such that 7 = |V + Z{#| and 9,,,(Z{) € 27Z* for some
e (L 2], N

To do this, let a(s) = (Pexp(ai(s),az(s)) € X with a1(0) = 0 and a»(0) = v
where v; € F(7,7). Assume that

@7, (6(0)) = Lyué(0),

i.e., by Proposition 1.18, assume that m.((0)) is a fixed point of ®,,,, foruv, €
F(7,cy). We use the fact that &(0) satisfies conditions (1) through (6) of The-
orem 3.11 to show that either 7 = |V + Zi| and 9,,(Z;5) € 27Z* for some
m € {1,..., u(Z)}, or else &(0) is tangent to F(7,~) and hence m, (&(0)) is tangent
to F(7,¢y).

Because we will be taking limits and derivatives of vector curves X, + Z; in g,
and because the number of distinct eigenvalues of j(Z5) can vary with s, we will
need the following definitions and properties.

3.12 Definition. Let (g,(, )) be a two-step nilpotent metric Lie algebra. Define
U ={Z € 3 : there exists an open neighborhood O of Z such that u is constant on
O}. We call U the simple subdomain of 3.

3.13 Proposition ([GEIMI, Prop. 1.19]). Let (g,(, )) be a two-step nilpotent
metric Lie algebra. Then the following hold:

(1) The simple subdomain U is open and dense in 3.

(2) The function u(Z) is constant on U.

(3) The function ¥y, : U — R is smooth on U — {0} for m =1,..., u(2).
(4) If Z is a limit point of U, then u(Z) < p(l).
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First assume that Z; € U{. We may then assume that the number of distinct
eigenvalues of j(Zs) is constant for s in a neighborhood of 0. By [Al, if Z§ and
X are analytic in s, we know that the invariant subspace W, (Z;), the eigenvalue
curves Up, (Z3), and the eigenvector curves X7, X3, and &, as defined in (3.2) and
(3.3) are analytic in s, m = 1,...,u. Thus all of the limits and derivatives exist
below.

If Zy ¢ U, then we must be more precise. As U is dense in 3, Zy is a limit
point of . By Proposition 3.13 and continuity of the set of (unordered) eigenvalues
[Kil, §I1.5], two of the eigenvalue curves must approach each other as Z approaches
Zy € 3 —U and the counting function p has a discontinuity at Zy. We proceed as
though exactly two eigenvalue curves ¢,,,; and ¥,,~ intersect at Zy; the statements
generalize in the obvious manner in the case that more than two eigenvalue curves
intersect at Zy. As U is dense and open in 3, there exist Z; — Zy, Zs € U, such
that < 7, takes any desired value, and such that as s — 0,

ds\()
liIr(l) I (Zs) = 9m(Zp) and lin’é I (Zs) = Im(Zo).

We may assume that the curves ¥,/ (Zs) and 9,,,»(Z5) are analytic (in s) in what
follows.

Note that if we write X§ = X7 + X3, where X7 € ker j(Z;) and X5 L ker j(Z,),
and if we write X5 =) &7, then the subscript m might depend on s in the limit.
If this is the case, we view W,,,(Zy) as the sum of its refined invariant subspaces,
which we now define.

For sufficiently small positive values of s, j(Z) has invariant subspaces W,/ (Zs)
and W, (Z,), respectively. By [Al, Theorem 4.16], since j(Zs) — j(Zy) and skew-
symmetry holds, we may define

W/(Zo) = 111’% Wm’(Zs) and W//(Zo) = hr% WmII(ZS).

Note that since W,/ (Zs) and Wy, (Z) are orthogonal, invariant subspaces of j(Z)
for all s, their limit spaces W'(Zy), W"(Zy) are orthogonal, invariant subspaces of
i(Zp), and

Win(Zo) = W (Zo) ®@ W (Zy).
We refer to W'(Zy), W"(Zy) as refined invariant subspaces of j(Zy).

3.14 Proposition. Let (g,(, )) be a two-step nilpotent metric Lie algebra and let
Zy € 3 —U. Let Zs be an analytic (in s) curve in U such that limg_0 Zs = Zy,
limg 0 @ (Zs) = 9 (Zo) and limg_,g O (Zs) = I (Zo), m’ # m”. With notation
as above, let £, € Wy (Zs) and &5, € Wy (Zs) such that lim,_o &S, = & €
W'(Zy) and lims_,o &5, =& € W"(Zy). Then

€' +¢€",3(Zo) (€ + &) = [€,3(Z0)€'] + [€7, 5 (C)&"]-
In particular,
€, 5(Z0)¢" + [€",(Z0)€'] = 0
and the mapping K : v — 3 defined in Definitions 3.4 is continuous.

Proof of Proposition 3.14. This result is contained in the proof of Lemma 4.6 in
[GtMI]. O

Thus, by passing to refined invariant subspaces when necessary, we deduce that
all of the derivatives exist below, even in the case that Zy ¢ U, and that the limiting
values are as given. For most of the proof, we do not separate the cases Zy € U and
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Zy ¢ U in what follows. The reader should just consider the curves &2, contained
in refined invariant subspaces rather than the invariant subspaces Wy, (Z§) when
necessary. We must, however, be careful in the last steps of Case II below.
Another technical detail in the remainder of this proof is the possibility that
limg 0 ¥ (Z§) = 0 for some m such that £, £ 0. To account for this, we write

{1,...,u(Zy)} = NUM,

where N is defined as the subset of {1,. .., u} such that, forn € N, lim;_,o 9,,(Z§) =
0 and 9,(Z5) > 0 for all s # 0. Define M as the subset of {1,...,u} such that,
for m € M, lim,_o ¥ (Z5) # 0. Thus X5 = > 1 &0 + > ,cn & Note that if
¥1(Z§) = 0 for all s, then & = 0 for all s, and the vector component corresponding
to ¥1(Z§) is included in X7 and not in X3.

Because of this possibility, the notations X{ and X3 are ambiguous. We use the
convention that az(0) = X; + X2 + Zp as in Notation 3.3, while X? = lim,_.¢ X7,
i=1,2, and Z) = lims_ Z5. Thus Z§ = Z, but

X1=X1O+Z§2

neN

-2 &= G
neN meM
where we define €0, = lim,_.o &5, Js = j(Z§), and 93, = 9,,(Z3).
We now proceed with the proof of the necessary condition of Theorem 3.1.
Let a(s) = (pexp(ai(s)), az(s)) be a curve in X such that

®rs, (6(0) = Do, ((@1(0), 2(0))u;) = (a1(0), a2(0))s-0,,
with a1(0) = 0, a2(0) = v = X1 + Xo + Zy, and v, € F(7,¢y). Now as(s) =
X3 + X5 + Z5, where Z§ € 3, X + X5 L 3, X§ € kerj(Z3) and X5 L ker j(Z5).
Also, X5 =3 cnéntmen s Where & € Wi, (Z5) and &, € W, (Z5) as above.
The geodesic with initial velocity a(s) can be written as
pexp(ax(s)) exp(X°(t) + Z°(1)),
with a1(0) = 0. Using Subsection 3.5, we see that the values for X*(r) and Z°(r)

are as follows:
X =r X (- Ix3)

and

— cos(rv3, s sin(rd;,) s
=i+ 3 IR g + 3 TG
meM TYL m meM m
—cos(rd?) , 1 R sin(rdy) o
I AR PR
neN v neN n

X"5(r) = X5 + e X5

= X7+ Z sin(rﬁfn)(ﬁisg]sﬁfn)—l— Z cos(rd;, )&,

meM m meM
+Zsm 7“198)(196(]58 +Zcos (rd5)&s,
neN neN

Z8(1) = /OT(ZS + %[Xs(r),X’s(r)])dr.
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Taking the derivative with respect to s of X*(r) and evaluating at s = 0, we
have

. . : r99 sin(rdY)) + cos(rv?,) — 1
Xo(r)rXerZﬂ(fn( ( 2902 (i) >190 Jo&d,

N 2190 (rﬁ?n cos(rd¥)) — sin(rﬁ%)> ¢ +Z Mi LJ &)

99 2 — 9%, dsm(ﬁ?n ’
Z sin( 7“19 50 N Zﬂo <m9 sin 74190)1;;2005(7“190) 1) %JOE?L
N Zﬂo (m?o cos r§;932 sm(m9n)> €04 zn: 1-— CZE(TﬂO) (i‘ L . )
+) %gg.

n

Note that for m € M, the values above are clearly well defined, since all of the
values are analytic in s. For n € N observe that 1919 Js&€3| = 1&€3| by using the def-

inition of &2, (3.2) and (3.3), so 95 1 J.£8 is likewise well defined with a continuous

derivative in s. Observe that for n € N we are abusing notation slightly. For ex-
ample, for n € N, sin(r92) /92 is technically not defined, while lim,_.q sin(r93) /93
exists and is well defined. We use the convention that for n € N, when necessary,
seemingly undefined values are defined as the limit as s — 0 of nearby values. With
this established, for n € N,

roh sin(rdh) + cos(rdl) — 1Y 72 o cos(rdd) — sin(rdh)\ 0
19%2 - E’ 19912 -
90 Jp &0 _da (J£5) 1 —cos(rdy) 0 sin(rd9)
90 dsp VY - 9

We now have

XO(r) = (X0 + Z £0) + Z 0 (rﬁ?n sin(r9?,) + cos(rv?,) — 1> 7 Ry

2
neN meM 19971
o (109, cos(rdl,) —sin(rd?)\ o
+ Z I, ( 90 2 Sm
meM

1— 99 d
OS> 707(;2(’“ =2 (o )
meM 0

Jrzsmrﬁ fOJFZle £)

meM
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A similar analysis yields

W) X =K )+ Y il cos(ril) o Jocd,

neN meM

. d 1
0 o 010 : 0 s
— Z rd,, sin(rdy) ), + Z sm(rﬂm)E‘o(l97571 JE2)

meM mEM

+ Z cos(r9%,)E0, + Z J &)

meM neN

We now consider two special cases, and use the fact that &(0) must satisfy
conditions (1) through (6) of Theorem 3.11.

Case I: 7= |V + Z{|.

If 9,,(Zi) € 2aZ* for some m € {1,...,u(Z;5)}, then we are done. We thus
assume that ¥,,(Zi) € 27Z* for allm =1,..., pu.

By Theorem 3.8 and Remarks 3.9 we know

V+ Z& )
|

(@) F(r,eq) = 7T(C(%G)~ Vo Zd
Let v, € F(7,c,). Note that az(0) = v implies ZJ = LZ{ and 199, = 9,,,(Z).
Also, X2 =0, since V € ker j(Z) = ker j(Z3), so that

Em =0

for all m € M.
After substituting these values into (#) we obtain

X'0(r) = X0+Zsm Tﬂo)d‘( —Js&m +Z cos(rv?) fo—l—Zr Jgs

Since this must satisfy condition (6) of Theorem 3.11, after setting r = 7 we obtain
d
O—Zsm (119° )d 5o ( Ty Js&) +Z cos(t9%,) — 1) §m+ZT— (Js&) .
Now EIO(T;JS&L) = mjoﬁm since ¢2, = 0 and we have

0= 3 sin(ril) G- odhh+ 3 (cos(ri) ~ 1+ 30 r (60).
meM m meM neN 0
Note that the right hand side of this equation is an orthogonal decomposition,
using linearity of the derivative, the fact that we started with an orthogonal de-
composition (before taking derivatives with respect to s), and the values Jo£2, =0
for all m, and &2, = 0 for all m. We thus obtain for m € M,

sin(t99) . )
759% )Joff; =0, cos(t99)€0 =1,
and for n € N,
d s
£|0 (Jsgn) =0

Next, if there exists m € M such that £, # 0, then sin(79,) = 0 and cos(799,) =
1, which implies ¥,,,(Zi5) € 2nZ7T. Since we assumed that 9,,(Z5) & 27Z* for all
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m=1,...,u(Z{), then £9, = 0 for all m € M. Since we already know &9, = 0 for
all m, we may assume &5, = €9, = 0 for all s without changing the value of dz(0).
Substituting these values into (&), we obtain

XO(r) =7(X7 +)_ &)
n
Since this must satisfy condition (4) of Theorem 3.11, we may assume that
X+ &=V

for all s.
Now by Subsection 3.5,
70 d i s 1 s 's
2y =5 [ (@ X)X )
dslo Jo 2

Since everything in sight is analytic in both s and r and bounded with a bounded
derivative in s near 0, and since we are integrating over a finite, closed interval,
we can use uniform convergence to bring the derivative % under the integral sign.
Using the linearity of the Lie bracket in each component and the product rule, we
thus have

d s — Ti s 1 S(r /5 r
G20= [ (z+ 5 .x ) o

= [ @8+ 500, X0+ 500, X )
2.

The fact that X°(r) = 0 and X °(r) = 0 follows from () and (#), using the fact
that €9 =0, €9 =0, and %‘O(Jsgg) =0.

However, this must also satisfy condition (5) of Theorem 3.11, thus 723 =
[V, a1(0)]. But also, for Y € v,

(2,1 VY) = (23,1 + D6 V))
= <JsX157Y> + Z <Js£rsuy>
= Z<Js£rsuy>

since by the definition of X7, we must have J; X{ = 0 for all s. Taking the derivative
of both sides and using the fact that for n € N, d%‘onffl = 0, we obtain

Zy L [V.q.

We conclude that Zg = 0 and we may assume Z§ = Zy = Zi-/7 for all s. This
also implies that ¢, (Z§) is constant, which by definition of the set N implies that
N = (). We conclude that X§ = V/7 for all s and X5 = 0 for all s. We also conclude
that [V, a1(0)] = 0 and a4 (0) may be represented by a curve in C(v, G) = {exp(X) :
[X,V]=0,X € g}.
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That is,

(dl (O)’ aQ(O))Uﬁ € Tv;;F(Tv '7)7
where F(7,7) is as in (V).

We have shown that if 9,,(Zi) € 27Z% for all m = 1,...,u(Z), then 7 =
|V + Zi¥| satisfies the Clean Intersection Hypothesis.

Case II: Let v; € F(7,7) with 7 = \/[V[2 + | Z2/| K (X + Zo) 2 with X5+ Zo
satisfying (i)-(v) of Theorem 3.8. We exclude the possibility that 7 = |V + Z|
from this case.

Recall that we assume that a(s) = (pexp(ai(s)), az(s)) € X with a1(0) = 0 and
a2(0) = v = X1 + X2 + Zp and that i)f*vﬁ (&(0)) = L,+&(0). With notation as
above, as(s) = X7 + X5 + Z§, where Z§ € 3, X7 + X5 L 3, X§ € kerj(Z§) and
X3 L kerj(Z3). Tn addition, X5 = 3, (&8 4 3, car &5 Where &5, € Wi(Z5)
and & € W,,(Z§) as above. The geodesic with initial velocity a(s) can be written
as pexp(a1(s)) exp(X*(t) + Z5(t)), with a;(0) = 0, where X*(t) and X *(t) satisfy
(%) and (), respectively.

We use the fact that &(0) satisfies conditions (1) through (6) of Theorem 3.11
to show that ¢(0) is tangent to F(r,7) and hence 7. (c(0)) is tangent to F(7,c,).

Since condition (1) of Theorem 3.11 must hold, and since by Theorem 3.8
J(Z8)V = 0, and since €2, L V for all m = 1,...,u, we must have the condi-
tion: if €2, # 0, then 799, € 2nZT. However, if €2, = 0 but £9, # 0, we cannot yet
make this conclusion. We thus divide the set M into two disjoint subsets:

M’ ={meM:&, #0},
"={meM:¢& =0}

We thus have 79, € 27Z7" for m € M’. Substituting this into (#) we obtain

X/O(T)Z(X?-i-Zéig)-i— Z 7'1997119—0&7050 + Z £,

mEM’ meM’

+ Z sin(799,) ( Ty Js&o)) + Z cos(T99))E0 + ZT J &0 ).

meM” meM’’

Since this must satisfy condition (6) of Theorem 3.11, we obtain

d 1
0=>»_ 7 Jogo + Y sin(roh,) - (o T JE8)

7”190 77L d
meM/ meM// I
+ Z Cosrﬁo)—lfo—l—ZT— (Js&2).
meM//

As in Case I, this is an orthogonal decomposition. We first conclude that

d
ds|o
for all n € N. Also, if X§ = 0, then 7 = |V + Zi|, which was included in Case I

and excluded from Case II, so X9 # 0. Since X9 | ker(Jp), JoX3 # 0, and since
Jo€% L Jo&8, when m # m’, we conclude that

(Js€3) =0

9 =0
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for all m € M. Finally, if €9 =0 and €9, # 0, then 709, € 27Z7"; that is, for all
m € M, if €2, # 0 or €2, # 0, then 79°, € 27ZT. If €%, = 0 and £, = 0, then we
d

may conclude that £, = 0 and in particular g‘o(%t}sﬁfn) =0.

Substituting these values into (&) we obtain
K0(r) = 7(X0 + 30 €0).

Since X(7) must satisfy condition (4) of Theorem 3.11, we conclude X?+3°, €0 =
0. This implies that we may assume that X7 + > &5 = V/7 for all s.

We now claim that Z9 L [V, g]. To see this, note that ZJ L [V, g] by Theorem
3.7. Thus for Y € g,

o 11 1
Z8,[=V,Y]) = lim (-
(2o, [ZV,Y]) = lim (=

(2 - 28), 12V, Y))

s—0

: ]' S S S
= lim (=75, (X7 +> 6.7

M 1 S S
= lim <;(JSX1 + Zn: JLE5),Y)

Since Z9 L [V,g] and Z) L [V,g], we may now replace the central component
Z§ of as(s) with a curve that is contained in the orthogonal complement of [V, g]
without changing the value of Zy or Zg . That is, we now assume that Z§ L [V, g]
for all s. This implies J,V = 0 for all s, and since by the definition of X7, J; X7 =0
for all s, we conclude that J.& = 0 for all s. However, for s # 0, ¥5 # 0 by the
definition of the set N. We conclude that ¢ = 0 for all n € N, that is, £ =0 and
€0 =0forallne N and X5 = Y e & for all s.

We have shown that we may assume that X7 = V/7 for all s.

Since |X7| is constant and |as(s)| = 1, we must have | X35 + Z§| constant. In
particular,
2 V2
x5+ 25 = YV
-
We define
. T
XS — A)(S7
2T Tmoe T
R —

ie., )gf + Zj is a unit vector in the same direction as X3 + Z§. Note that X9 = X,
and Z) = Z,.
We have shown that we may assume that

s s s 1 v S 7S
Xi+Xo+ 2y = ;(V+ VT2 = |VIR(X3 + Z5))
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for all s, that | X5 + Z§| = 1 for all s, and that V € ker J, and X5 L ker J, for all
s; i.e., we have shown that conditions (i) and (ii) of Theorem 3.8 are satisfied. It
remains to show that conditions (iii), (iv), and (v) are likewise satisfied.

Substituting X9 = 0, 99, = 0 for all m € M, and £ = 0 for all n € N into (é)
and (#), we obtain

. — W) d in(ro? ) .
X0 = 3 L) )d (o G+ Y b lnler

meM m meM m

and

Xlo(r) = Z sin(rﬂ?,,b)%lo(;9 o)+ Z cos(r9? )€ .

meM m meM

We also easily show that

1 —cos(r¥9) 1 sin(rd?))
D& = r [t Sl VA 0 SN m) 0
meM meM
and
X’O = fVJr Z sin(r9°, —Jgfo + Z cos(r9° )€Y .
meM meM
As in Case I,

7 d T s 1 s s
) = %\0/0 (Z + 51X°(), X *(r)))dr:

Since everything in sight is analytic in both s and r and a bounded with a bounded
derivative in s near 0, and since we are integrating over a finite, closed interval,
we can use uniform convergence to bring the derivative % under the integral sign.
Using the linearity of the Lie bracket in each component and the product rule, we
thus have
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After substituting in the above values of X°(r), X °(r), X°(r) and X '°(r), we
obtain

22%r) —720) = Wg/[/ rcos(rd?,) — S.mgzom))dr[v, €]

+ = m%/ rsin(r9?,) %ﬁ%))drw,%lg(%kﬁz)]

. ) /OT(Sin(M?”Lg:S(W?”/) B Cos(rﬁgné)l%sli/n(rﬁ?n,))dr[ 0 ]

N ’ZEM /OT((l - cos(rﬁgréj) sin(rd?,)  sin(r9l,)( ﬁgn/cos(rﬂgn,))) "

[ 0€m7d ‘0(195 85 )]

m’

+ )))dr

7 sin(r9?,) sin(rd?,,) cos(rﬂ%)(l—cos(m?m,
( 90 - 90
0 m m/’

d S
(6 G i)

m,m’ €M

Note that for all m,m’ € M, the integrals in front of the terms [V, £9,], [¢9,,£9,]

m/’

and [190 Jo€S,, & ‘0(195 Js&2.,)] are always zero. For all m € M, the integral in front
of the term [V, L (L-J.£3)] is equal to —27/99,. Finally, for all m,m’ € M, if

) ds lo\935,
90, £ 99, then the 1ntegra1 in front of the term —S‘ ([€2,, -~ 7 Js&5.]) is equal to
0. If 90, = 19(7)”,, the integral in front of the term is 7/99,. At this point we must

consider refined invariant subspaces. To do so, we define the set R as follows:
R:={(m,m) :m,m' € M,m <m’ 9% =19°,}.

We thus have

ZO = ZO —_ - - - S el s
(T) T 0 Z 199’1 U/ﬁ d$|0(198 Jsfm)] + Z 2190 dS‘O([ m? 195 SE ])
meM mGM
T d s .
+ Z 219%1£|0([ m’ﬂs/‘]g ] [5 ’a sg D
(m,m")ER m

Since either Jo0, = 0 (if m € M”") or 99, = 0 (if m € M'), we must have

d 1 .. 1 d

T W = s, )

Thus by part (2) of Notation 3.2,

-1 d

s\ i —1lg¢s
ﬂo—mgg‘o(kﬁm) = dS|O(JS Em)-
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‘We now have
Td

2 s, (7 6 )

. . d
) =720+ — [V,J, ' X5+
(n=rZ+ 3 | 9+ 3 3

FY T e e (6 L.

02
(m,m’)ER 2197” ds lo

We claim that for (m,m’) € R, <& s 1o (s Js€our ] + (€500, Js&n]) = 0. To see this,
note that by Proposition 3.14, [5,,L,J0§9n,] + €%, Jo&8] = 0. By [LP] (see also
[GEMT], p. 205]), for all Z € 3,

(2,180, Tsla] + (€50, ToEa]) = —((G(2)Ts + Toi(2)E0, &)
= €5 11E5 1((95,)% — (95,)%)(

where

=

and aé;; / 0z is the derivative of ffn in the direction Z evaluated at Z§. To be precise,
we consider an analytic unit eigenvector curve £(Z) defined for Z = Zg +tZ in a
neighborhood of ¢, that is equal to EA;@ at Z = Z§. We then take the derivative of
£(Zg +tZ) with respect to ¢ at zero. While this may not be well defined, it is well
defined up to a choice of eigenvector curve é (Z). As the existence rather than the
value of this curve is what we need, we may proceed. See [Kt] and [A] for details
about eigenvalue curves and eigenvector curves. See [GtMI], page 205] for the use

of these concepts in this context.
Thus

d

s s s s _i 5 s s R s
<Z E\o([ maJsfm’] +[ m’aJsng> - dS|O<Z7[ m7JS§m’] —|—[ m’)Jsme

aEs,
s — (95 2 .
= 2 LR (O5)? = 052 )
Since 99, = 99 ,, the derivatives of |£5,], |£2,,] and < a;”, /) do not enter into the

computation. We only need the fact that these derlvatlves exist. Note that for
m,m’ € M, since 99, =0, and 9%, =0,

d
99)%) = 0.
(= 030 =
If either m € M”, or m' € M", we still obtain the desired result since either
[€m| = 0or &), =0.

We conclude that for m’) € R,

%I&A

(€5 Tui] + s Jun)) = 0

lo

Since [€9, Jo&0,] + €2, Jo€2] and dé ([€5,, Js&5] + (€5, Js€5,]) depend only on

Zo, 28, X9 and XS, we may replace the curve X5 +Z3 by one such that [£3,, J.&5.,]+
&5,,Js&5,] = 0 for all s without changing the value of a»(0).
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We have also shown that

Z°(r) (K (X3 + Z5) + [V, J7 X3]).

= T£‘D
Since condition (6) of Theorem 3.11 must be satisfied, Z°(r) C [V,g], so that
we must have d%ng‘%(X; + Z§5) = 0. Since |X§ + Z§| is constant, the values
KHX9+20) = ﬁZ& and d%loK‘%(Xzs + Zg) depend only on Z3, 29, X9

and X9. As above we may assume that
1
B
N
without changing the value of a»(0), and condition (iii) of (") is satisfied for all s.
Now by [LP], 99, = V9,,(Zo) - Z3, where V¥,,(Z) is the gradient of the curve
Im(Z) at Z € 3. Since 99, and 99, depend only on Z{ and Z§, and since 99, = 0
for all m € M, as above, we may replace Z§ by a curve such that
2m
VT2 —=|V|?
for all s, and condition (iv) of (") is satisfied for all s. _
Now 2°(r) = 4 ([V.j(Z8) 7' X5] + TKv (X5 + Z5)) but Z°(1) = [V,a1(0)] by

Kb (X3 +25) =

Im(Z) € Al

ds|o
part (5) of Theorem 3.11. So,
. d . S\ — S S S
[V, a1(0)] = ds| (IV,3(25) 7' X3] + TKv (X5 + Z3)).
0

Since the values Ky (X§ + Z9) + [V, J; ' X3] and %lo(KV(XQS + Z8) + [V, J71XS))

depend only on the values X3, Z9, X9 and Z3, we may replace the curve X3 + Zg
with one such that Ky (X5+2§)+ [V, J; 1 X35] is constant for all s. After normalizing
to X5+ Z§ and using the fact that | X3 + Z3| is constant, we see that we may assume
that condition (v) of (X) is satisfied for all s.

In conclusion,

(@1(0), a2(0))o,
is tangent to a curve in F(T, v), as desired. Thus, there cannot exist “unclean”
lengths coming from Case II. O
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